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Abstract 
Stability analysis is fundamental to understanding and predicting the long-term 
behavior of nonlinear dynamical systems, which are ubiquitous in engineering, 
physics, biology, and many other scientific domains. Unlike linear systems, 
nonlinear systems can exhibit complex phenomena such as multiple equilibria, 
limit cycles, bifurcations, and chaos, making their stability properties far more 
intricate to characterize. This paper presents a comprehensive overview of stability 
theory for nonlinear systems governed by ordinary differential equations. It traces 
the historical development of the field from the early contributions of Torricelli, 
Maxwell, Routh, and Hurwitz to the groundbreaking work of Lyapunov and 
Poincaré, and further to modern frameworks including LaSalle’s Invariance 
Principle, Input-to-State Stability (ISS), and Center Manifold Theory. Special 
emphasis is placed on Lyapunov’s Direct Method, which employs energy-like 
Lyapunov functions to establish stability without explicitly solving the differential 
equations. The paper also discusses LaSalle’s Invariance Principle for handling 
semi-definite Lyapunov derivatives, linearization techniques via the Hartman-
Grobman theorem, and advanced topics such as bifurcation theory and the 
transition to chaotic behavior. Applications across diverse fields including 
biological systems (Lotka–Volterra, SIR models), fluid dynamics, electrical 
circuits, and power systems are explored to illustrate the practical relevance of 
these theoretical tools. The survey further examines contemporary computational 
approaches such as Sum-of-squares optimization and emerging frontiers including 
Neural Lyapunov certificates and stability analysis of non-smooth and high-
dimensional systems. By bridging classical theory with modern techniques, this 
work provides researchers and engineers with a solid foundation for analyzing, 
designing, and ensuring the robustness and reliability of nonlinear dynamical 
systems. 
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1. Introduction  
The characterization and prediction of the 
temporal evolution of nonlinear dynamical 
systems represent one of the most intellectually 
demanding and practically significant frontiers in 

modern mathematical analysis. At its core, a 
nonlinear system is defined by a set of equations 
whether algebraic, difference, differential, integral, 
or abstract operator equations that do not satisfy 
the principle of superposition (Wiggins, 2003). 

https://cmsrjournal.com/
mailto:5talha@uomp.edu.pk
https://doi.org/10.5281/zenodo.20022391


Center for Management Science Research  
ISSN: 3006-5291   3006-5283   Volume 4, Issue 4, 2026 
 

https://cmsrjournal.com                          | Ibrahim et al, 2026 | Page 575 

This fundamental lack of linearity implies that the 
system's output is not proportional to its input and 
that the behavior of the whole cannot be deduced 
simply by summing the behavior of its individual 
components (Routh, 1877). Within this 
framework, stability analysis serves as the rigorous 
methodology for determining whether the 
internal signals and outputs of such a system 
remain within admissible limits or converge 
toward an equilibrium state of interest (Lyapunov, 
1992). 
 
2. The Philosophical and Historical Trajectory of 
Stability Theory 
The intellectual lineage of stability theory is deeply 
rooted in the transition of scientific thought from 
purely descriptive mechanics to the deterministic 
analysis of physical phenomena. This evolution 
was perhaps most poetically captured by the 
notion of an intelligence, as described by Laplace, 
that could embrace in a single expression the 
motions of the largest bodies of the universe as 
well as those of the slightest atom, provided it 
knew all forces and the respective situations of 
every element (Laplace, 1814/1951). Once the 
temporal evolution equations of a phenomenon 
are formulated and initial conditions determined, 
the state of the system at any future time can be 
ascertained by solving the governing equations. 
However, the inherent complexity of nonlinear 
differential equations, which are often non-
integrable or solvable only through numerical 
approximation, necessitates a qualitative approach 
rather than a purely quantitative one (Strogatz, 
2024). 
The formal concern with stability emerged from 
the study of equilibrium states in mechanical 
systems, with early investigations dating back to 
Evangelista Torricelli in 1644, who studied the 
equilibrium of rigid bodies under gravity 
(Torricelli, 1644). However, it was the 19th-
century demand for precision in engineering and 
astronomy that catalyzed the development of 
modern stability concepts. Sir George Biddell 

Airy, in 1840, made one of the first efforts to 
tackle instability in a closed-loop control system by 
modeling the velocity controller of a telescope 
using differential equations to understand 
observed fluctuations (Airy, 1840). This was 
followed by the seminal work of James Clerk 
Maxwell in 1868, who analyzed the stability of fly-
ball governors by linearizing the governor model 
and deriving characteristic equations, thereby 
relating the roots of these equations to the system's 
stability or instability (Maxwell, 1868). 
The late 19th century saw a flurry of analytical 
breakthroughs. Edward John Routh in 1877 and 
Adolf Hurwitz in 1895 independently derived 
conditions for the stability of roots of 
characteristic equations, providing a bridge 
between the algebraic properties of a system's 
model and its dynamical behavior (Hurwitz, 
1895). Yet, these methods remained primarily 
confined to linear or linearized systems. The 
paradigm shift toward a general theory of 
nonlinear stability arrived in 1892 with the 
doctoral thesis of Aleksandr Mikhailovich 
Lyapunov. Lyapunov proposed two distinct 
methodologies: his indirect method, which 
assesses stability through linearization around 
equilibrium points, and his direct method, which 
employs energy-like functions to determine 
stability without solving the differential equations 
explicitly (Lyapunov, 1892/1992). 
Simultaneously, Henri Poincaré was laying the 
foundations for the qualitative theory of 
differential equations, introducing the concepts of 
phase portraits, first-return maps, and the 
geometry of stable and unstable manifolds 
(Poincaré, 1892). Poincaré’s work revealed that 
even simple deterministic systems could exhibit 
non-integrability and chaos, a discovery that would 
much later be formalized in the Kolmogorov-
Arnold-Moser (KAM) theorem. This historical 
development underscores a shift from seeking 
exact solutions to understanding the topological 
and structural stability of system trajectories 
(Dumas, 2014). 
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Table 1: Key Figures and Contributions in the History of Stability Theory 
Era Key Figure Contribution to Stability Theory 
1644 E. Torricelli Initial study of equilibrium in mechanical systems under gravity  
1840 G.B. Airy First use of differential equations for closed-loop controller stability  
1868 J.C. Maxwell Linearized analysis of fly-ball governors and characteristic equations  
1877 E.J. Routh Analytical method for determining stability of systems of any degree  
1892 A.M. Lyapunov Development of the Direct and Indirect methods for nonlinear systems  
1895 A. Hurwitz Necessary and sufficient conditions for stability of characteristic roots  
1900s H. Poincaré Foundations of qualitative dynamics and topological stability  
1937 Andronov & 

Pontryagin 
Introduction of structural stability (systèmes grossiers)  

1954 Kolmogorov et al. KAM theorem regarding quasiperiodic motions on invariant tori  
1960s S. Smale Topological approaches, Morse-Smale systems, and the "horseshoe" 

map  
 

Figure:1 Classification of Phase Portraits in the (det A, \text{Tr } A)-plane 
 
3. Foundations of Nonlinear Dynamics and 
State-Space Representation 
To analyze the stability of a nonlinear system, it is 
first necessary to define the system state and the 
law governing its evolution. The state is commonly 
represented by a d-dimensional vector x, whose 

components x₁, x₂, x_d correspond to the degrees 
of freedom of the system (Khalil, 2002). 
For a continuous-time system, the dynamics are 
described by a system of first-order ordinary 
differential equations: 
ẋ  (t) = f(x(t)) 
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Where f is a nonlinear function representing the 
system’s vector field. If f does not explicitly depend 
on time, the system is classified as autonomous; 
otherwise, it is non-autonomous (Wiggins, 2003). 
The deterministic nature of such systems is 
ensured when f is locally Lipschitz continuous, 
guaranteeing the existence of a unique trajectory 
for every initial condition (Sastry, 1999). 
An equilibrium point (or fixed point) is a state x* 
at which the vector field vanishes: 
f(x*) = 0 
At this point, the system remains stationary 
because its rate of change is zero (Strogatz, 2018). 
For discrete-time systems, where time progresses in 
steps, the evolution law is written as: 
xₖ₊₁ = f(xₖ) 
and an equilibrium satisfies the fixed-point 
condition: 
x* = f(x*) 
(Elaydi, 2005). 
Nonlinear systems differ fundamentally from 
linear systems because they may possess multiple 
isolated equilibria, as well as more complex 
invariant sets such as periodic orbits (limit cycles), 
quasi-periodic orbits, and chaotic attractors (Ott, 
2002). 
Stability analysis focuses on how system 
trajectories behave in the neighborhood of these 
equilibria. If the equilibrium x* is not located at 
the origin, a common analytical method is to 
translate it to the origin using the change of 
variables: 
y = x − x* 
This transformation yields the system of 
deviations: 
ẏ  = f (y + x*) = g(y) 

Where g (0) = 0 (Slotine & Li, 1991).  
 
3.1. Taxonomies of Stability  
The formal theory of stability provides a rigorous 
framework for describing the long-term behavior 
of dynamical systems, primarily developed 
through Lyapunov’s foundational work, which 
classifies trajectories based on their evolution 
relative to an equilibrium point (Bacciotti & 
Rosier, 2025). In Lyapunov stability (i.s.L.), an 
equilibrium 𝑥∗is considered stable if every 
trajectory starting sufficiently close to it remains 
arbitrarily close for all future time, meaning that 
for every 𝜀 > 0there exists a 𝛿(𝜀) > 0such that ∥
𝑥(0) − 𝑥∗ ∥< 𝛿 ⇒∥ 𝑥(𝑡) − 𝑥∗ ∥< 𝜀for all 𝑡 ≥ 0; 
if this condition fails, the equilibrium is unstable 
(Lund University, 2026). A stronger notion, 
asymptotic stability, requires both Lyapunov 
stability and convergence of trajectories to the 
equilibrium, expressed as lim⁡𝑡→∞ ∥ 𝑥(𝑡) − 𝑥∗ ∥
= 0within a neighborhood of initial conditions 
(Zeng et al., 2026). Exponential stability further 
strengthens this by specifying a decay rate, 
ensuring that deviations from equilibrium 
decrease at least as fast as an exponential function, 
∥ 𝑥(𝑡) − 𝑥∗ ∥≤ 𝛼 ∥ 𝑥(0) − 𝑥∗ ∥ 𝑒−𝜆𝑡, where 
𝛼, 𝜆 > 0, a property particularly important in 
engineering due to its guaranteed convergence 
speed and robustness (Mammadov & Khalilova, 
2026). Finally, global stability extends these 
concepts to the entire state space ℝ𝑛, meaning the 
stability and convergence properties hold for all 
initial conditions, and in the case of global 
asymptotic stability (GAS), the equilibrium must 
also be unique (Yao, 2026). 

 
Table 2: Taxonomies of Stability and Their Formal Conditions Table 2: Taxonomies of Stability and Their 
Formal Conditions 

Stability Type Formal Condition Intuitive Meaning 
Lyapunov Stable ∀𝜖 > 0,  ∃𝛿 > 0: ∥ 𝑥0 ∥< 𝛿 ⇒∥ 𝑥(𝑡)

∥< 𝜖 
Trajectories stay close to the equilibrium 

Asymptotically 
Stable 

Stable + lim⁡𝑡→∞ 𝑥(𝑡) = 0 Trajectories eventually return to the 
equilibrium 

Exponentially 
Stable 

∥ 𝑥(𝑡) ∥≤ 𝑀 ∥ 𝑥0 ∥ 𝑒
−𝛼𝑡 Trajectories return at a guaranteed speed 

Globally Stable Local condition holds ∀𝑥0 ∈ ℝ𝑛 Stability guaranteed for any perturbation 
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Uniformly Stable 𝛿is independent of initial time 𝑡0 Stability does not degrade over time 
 
4. Lyapunov’s Direct Method: The Energy 
Approach 
Lyapunov's direct method, also known as the 
second method, is one of the most powerful tools 
for analyzing the stability of general nonlinear 
systems. It avoids solving differential equations 
directly by introducing a scalar-valued Lyapunov 
function 𝑉(𝑥), which acts as a generalized energy 
function of the system. 
The key idea is that if the system’s energy is 
positive definite and its time derivative along 
system trajectories is non-positive, then the system 
cannot increase its energy and therefore remains 
stable near equilibrium (Bhatia & Szegö, 2002). 
A function 𝑉(𝑥)is a valid Lyapunov function 
candidate if it satisfies: 
• It is continuously differentiable,  
• 𝑉(0) = 0,  
• 𝑉(𝑥) > 0for all 𝑥 ≠ 0in a domain 
𝐷containing the origin (Kloeden, 2006).  
The derivative of 𝑉(𝑥)along trajectories of 𝑥̇ =
𝑓(𝑥)is given by: 

𝑉̇(𝑥) = ∇𝑉 ⋅ 𝑥̇ = ∇𝑉 ⋅ 𝑓(𝑥) 
 
(Lyapunov, 1992). 
If: 

𝑉̇(𝑥) ≤ 0∀𝑥 ∈ 𝐷 
 
then the origin is stable in the sense of Lyapunov 
(Lyapunov, 1992). 
If: 

𝑉̇(𝑥) < 0∀𝑥 ≠ 0 
 
then the origin is asymptotically stable (Bhatia & 
Szegö, 2002). 
For global asymptotic stability, an additional 
condition called radial unboundedness is required: 

𝑉(𝑥) → ∞as ∥ 𝑥 ∥→ ∞ 
 
This ensures that level sets of 𝑉(𝑥)are closed and 
bounded, preventing trajectories from escaping to 
infinity while energy decreases (Kloeden, 2006). 
The main challenge of Lyapunov’s direct method 
is that there is no general procedure for 
constructing a suitable 𝑉(𝑥)for arbitrary 

nonlinear systems. In mechanical systems, total 
energy (kinetic + potential) often serves as a 
natural candidate. However, for abstract systems, 
researchers rely on intuition, trial-and-error, or 
structured methods such as the variable gradient 
method (Schultz & Gibson, 1962). 
For linear time-invariant systems: 

𝑥̇ = 𝐴𝑥 
 
a standard Lyapunov function is: 

𝑉(𝑥) = 𝑥𝑇𝑃𝑥 
 
where 𝑃is a positive definite matrix satisfying the 
Lyapunov equation: 

𝐴𝑇𝑃 + 𝑃𝐴 = −𝑄 
 
for some positive definite matrix 𝑄(Klett & Coogan, 
2022). 
 
4.1. Barbalat’s Lemma and Non-Autonomous 
Systems  
The analysis of non-autonomous 
systems x˙=f(x,t)x˙=f(x,t) introduces additional 
complexity because the Lyapunov function and its 
derivative may both depend explicitly on time. In 
these cases, even if V˙(t,x)≤0V˙(t,x)≤0, we cannot 
always conclude that VV approaches zero or that 
the state converges. Barbalat’s lemma provides a 
critical tool for analyzing these situations by 
establishing conditions under which a signal's 
derivative approaching zero implies the signal 
itself settles (Strogatz, 2024). 
Specifically, if a function VV is lower bounded, 
has a negative semi-definite derivative V˙V˙, and 
if V˙V˙ is uniformly continuous (often checked 
by ensuring its own derivative V¨V¨ is bounded), 
then V˙(t)→0V˙(t)→0 as t→∞t→∞. This allows 
researchers to prove convergence in time-varying 
systems where traditional invariant set theorems 
fail because the "landscape" of the system's 
dynamics is shifting over time (Ozcan, 2026). 
 
5. LaSalle’s Invariance Principle and Limit Sets 
In many practical scenarios, the Lyapunov 
derivative V˙V˙ is only negative semi-definite 

https://cmsrjournal.com/


Center for Management Science Research  
ISSN: 3006-5291   3006-5283   Volume 4, Issue 4, 2026 
 

https://cmsrjournal.com                          | Ibrahim et al, 2026 | Page 579 

(V˙≤0V˙≤0), yet the system is clearly observed to 
be asymptotically stable. or example, in a damped 
pendulum, the energy 
derivative V˙=−kθ˙2V˙=−kθ˙2 is zero whenever 
the velocity is zero, even if the angle θθ is not at 
equilibrium (Johnston, 2015). To resolve this, J.P. 
LaSalle formulated the invariance principle in the 
early 1960s (LaSalle, 1960). 
LaSalle’s principle relies on the concepts of 
invariant sets and limit sets. An invariant set is a 
region in the state space where any trajectory that 
enters the set remains within it for all future time. 
A positive limit set is the collection of all points 
that a given trajectory approaches as time goes to 

infinity (Haddad, 1999). LaSalle proved that if a 
trajectory is bounded and stays in a region 
where V˙≤0V˙≤0, it must converge to the largest 
invariant set contained within the region 
where V˙=0V˙=0 (LaSalle & Lefschetz, 1961). 
In the case of the damped pendulum, 
while V˙=0V˙=0 whenever θ˙=0θ˙=0, the only 
invariant set where the velocity stays zero is the set 
of equilibrium points (nπ,0)(nπ,0). Therefore, 
LaSalle’s principle allows us to conclude that the 
trajectories must converge to an equilibrium, 
thereby establishing asymptotic stability even 
without a strictly negative definite Lyapunov 
derivative (Byrnes & Martin, 1995). 

 
Table 3: Core Concepts in LaSalle’s Invariance Principle and Stability Regions Key Concepts in Lyapunov 
Stability Theory 

Concept Definition Role in Stability Analysis 
Invariant Set A set 𝑀where 𝑥(0) ∈ 𝑀 ⇒ 𝑥(𝑡) ∈

𝑀,  ∀𝑡 ≥ 0 
Defines regions that trajectories 
cannot escape 

Limit Set Set of points approached by 𝑥(𝑡)as 𝑡 → ∞ Characterizes long-term system 
behavior 

LaSalle’s Principle Trajectories in { 𝑉̇ ≤ 0 }converge to the 
largest invariant set in { 𝑉̇ = 0 } 

Proves asymptotic stability when 𝑉̇is 
only negative semidefinite 

Radial 
Unboundedness 

𝑉(𝑥) → ∞as ∥ 𝑥 ∥→ ∞ Necessary to prove global stability 

 
6. Qualitative Local Analysis: Linearization and 
Manifolds 
When Lyapunov’s direct method is difficult to 
apply, local stability analysis is often performed 
using linearization. Lyapunov’s Indirect Method 
(also known as the First Method) states that the 
local stability of a nonlinear equilibrium can be 
determined from the eigenvalues of the Jacobian 
matrix: 

𝐽 = ∇𝑓(𝑥∗) 
 
(Barbashin & Krasovskii, 1952). 
 
Stability Conditions via Linearization 
• If all eigenvalues of 𝐽have strictly negative 
real parts, the equilibrium is locally asymptotically 
stable.  
• If at least one eigenvalue has a strictly 
positive real part, the equilibrium is unstable.  

• If all eigenvalues have non-positive real 
parts and at least one has zero real part, the 
equilibrium is non-hyperbolic, and linearization is 
inconclusive.  
In the non-hyperbolic case, the linear 
approximation fails to fully capture system 
behavior. Stability then depends on higher-order 
nonlinear terms, requiring more advanced 
analytical tools such as center manifold theory or 
nonlinear perturbation methods (Haddad & 
Chellaboina, 2008). 
 
6.1. The Hartman-Grobman Theorem and 
Hyperbolic Equilibria 
For a hyperbolic equilibrium (where no 
eigenvalues have zero real parts), the Hartman-
Grobman theorem guarantees that the nonlinear 
system is topologically conjugate to its 
linearization in a small neighborhood. This means 
that the local structure of the phase portrait 
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whether it is a sink, source, or saddle is entirely 
determined by the linear terms. The local stable 
and unstable manifolds (W^s and W^u) are 
tangent to the eigenspaces of the Jacobian at the 

equilibrium, providing a geometric decomposition 
of how trajectories approach or flee the point 
(Wiggins, 2003). 

 

 
Figure: 2 Tangent Bundle Evolution Over a Manifold Path 

 
6.2. Center Manifold Theory and Non-
Hyperbolic Analysis 
When linearization fails due to eigenvalues with 
zero real parts, Center Manifold Theory provides 
a powerful framework for reducing the 
dimensionality of the system. The state space is 
decomposed into three invariant subspaces based 
on the eigenvalues of the Jacobian: 
• Stable subspace: 𝐸𝑠 
• Unstable subspace: 𝐸𝑢 
• Center subspace: 𝐸𝑐 
 
The Center Manifold Theorem guarantees the 
existence of a locally invariant manifold 𝑊𝑐, 
which is tangent to 𝐸𝑐at the equilibrium point 
(Lyapunov, 1992). 
Since trajectories on the stable manifold decay 
rapidly, the long-term behavior of the system is 

governed by the reduced dynamics on the center 
manifold. The center manifold is typically 
represented as: 

𝑦 = ℎ(𝑥) 
 
where: 

ℎ(0) = 0, 𝐷ℎ(0) = 0 
 
The function ℎ(𝑥)is obtained by solving a 
nonlinear partial differential equation derived 
from the original system dynamics. 
This reduction technique is essential for analyzing 
bifurcations, where changes in system parameters 
cause eigenvalues to cross the imaginary axis, 
leading to qualitative changes in system behavior 
(Dumas, 2014). 

 
Table 4: Local Stability Classification Based on Linearized Eigenvalues 

Eigenvalue Condition Classification Stability Conclusion 
Re(𝜆𝑖) < 0,  ∀𝑖 Sink / Stable Node Locally asymptotically stable 
∃𝑖: Re(𝜆𝑖) > 0 Source / Unstable Node Unstable 
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∀𝑖: Re(𝜆𝑖) ≤ 0,  ∃𝑗: Re(𝜆𝑗)

= 0 
Non-hyperbolic Inconclusive; requires center manifold 

analysis 
Complex 𝜆with Re(𝜆) < 0 Stable Focus Oscillatory convergence 
Purely imaginary 𝜆 = ±𝑖𝜔 Center Marginally stable (in the Lyapunov sense) 

 
7. Input-to-State Stability (ISS) and Robustness 
Frameworks 
Classical stability theory often assumes an 
autonomous (unforced) system, but real-world 
systems in engineering, biology, and control are 
continuously influenced by external inputs and 
disturbances. 
To address this, Eduardo Sontag introduced the 
concept of Input-to-State Stability (ISS) in 1989. 
ISS unifies state-space and input-output 
perspectives by ensuring that the system remains 
stable in the absence of input and remains 
bounded under bounded disturbances (Sontag & 
Wang, 1995). 
A nonlinear system: 

𝑥̇ = 𝑓(𝑥, 𝑢) 
 
is said to be ISS if there exist functions 𝛽 ∈
𝒦ℒand 𝛾 ∈ 𝒦such that: 

∥ 𝑥(𝑡) ∥≤ 𝛽(∥ 𝑥0 ∥, 𝑡) + 𝛾(∥ 𝑢 ∥∞) 
 
This inequality implies two key properties: 
• The effect of the initial condition decays 
over time (via 𝛽)  
• The steady-state behavior is bounded by 
the magnitude of the input (via 𝛾)  
(Sontag & Wang, 1996). 
ISS has become a central framework in nonlinear 
control theory because it enables modular 
stability analysis through the small-gain theorem. 
If interconnected subsystems are ISS and their 
feedback gains are sufficiently small, then the 
entire interconnected system remains stable (Jiang 
et al., 1994). 
Extensions such as integral Input-to-State 
Stability (iISS) further generalize ISS to systems 
that may not remain bounded under all bounded 
inputs but remain stable under inputs with finite 
energy. 
These concepts are especially important in 
robotics and mechatronics, where systems must 
remain robust under uncertainties, actuator 

saturation, and modeling errors (Mironchenko, 
2023). 
 
8. Bifurcation Theory and the Transition to 
Chaos 
The qualitative structure of a nonlinear system 
often depends on one or more parameters. 
Bifurcation theory studies how these structures 
change as parameters are varied. A bifurcation 
occurs when a small change in a parameter causes 
a sudden topological shift in the system's behavior, 
often coinciding with an equilibrium becoming 
non-hyperbolic (Sontag, 2008). 
Local bifurcations can be analyzed by examining 
the Jacobian's eigenvalues as they cross the 
imaginary axis. For instance, a saddle-node 
bifurcation involves the collision and 
disappearance of two equilibria. A pitchfork 
bifurcation, common in systems with symmetry, 
occurs when a single stable equilibrium splits into 
three. Perhaps most significant is the Hopf 
bifurcation, where a stable equilibrium becomes 
unstable and gives rise to a periodic limit cycle 
(Khalil, 2002). 
Global bifurcations involve changes in larger 
invariant sets, such as a homoclinic bifurcation 
where a limit cycle collides with a saddle point and 
disappears. Such transitions can lead to chaos, a 
state of deterministic but unpredictable motion 
characterized by a sensitive dependence on initial 
conditions. Chaos is typically observed on "strange 
attractors," which are fractal invariant sets where 
trajectories are confined but never repeat 
(Strogatz, 2024). 
 
 9. Stability Analysis in Domain-Specific 
Contexts 
The application of nonlinear differential 
equations across diverse scientific domains 
demonstrates the universal power of these stability 
concepts. By tailoring the general theory to the 
specific physics or biology of a system, researchers 
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gain deep insights into long-term survival, 
efficiency, and resilience (Ott, 2002). 
 
9.1. Biological and Ecological Systems 
Population biology frequently uses nonlinear 
ordinary differential equations (ODEs) to model 
interactions between species and describe 
population evolution over time. 
 
Logistic Growth Model 
The simplest nonlinear model is the logistic 
growth equation: 

𝑦̇ = 𝑟𝑦 (1−
𝑦
𝐾
) 

where: 
• 𝑟is the intrinsic growth rate  
• 𝐾is the carrying capacity  
Stability analysis shows that: 
• The extinction equilibrium 𝑦 = 0is 
unstable for 𝑟 > 0 
• The carrying capacity equilibrium 𝑦 =
𝐾is locally asymptotically stable  
This means that small perturbations around 𝑦 =
𝐾decay over time, and the population returns to 
equilibrium (Bacciotti & Rosier, 2025). 
 
Lotka–Volterra Predator–Prey Model 
A more complex system is the Lotka–Volterra 
model, given by: 

𝑥̇ = 𝛼𝑥 − 𝛽𝑥𝑦 
𝑦̇ = 𝛿𝑥𝑦 − 𝛾𝑦 

where: 
• 𝑥= prey population  
• 𝑦= predator population  
• 𝛼, 𝛽, 𝛿, 𝛾 > 0are interaction parameters  
The nonlinear interaction terms produce 
oscillatory dynamics. In the classical formulation, 
the system exhibits neutral stability, resulting in 
closed orbits rather than convergence or 
divergence. 
However, real-world modifications (such as 
resource limitation, damping effects, or 
environmental stress) often introduce negative 
feedback, which can shift the system toward 
asymptotic stability, leading to damped 
oscillations and eventual equilibrium convergence 
(Mammadov & Khalilova, 2026). 
 

SIR Epidemic Model 
The SIR model is widely used in epidemiology to 
describe disease spread across three 
compartments: susceptible, infected, and 
recovered. 
The stability of the disease dynamics is governed 
by the basic reproduction number 𝑅0. 
• If 𝑅0 < 1, the disease-free equilibrium is 
asymptotically stable, and the infection dies out.  
• If 𝑅0 > 1, the disease-free equilibrium 
becomes unstable, and the system evolves toward 
an endemic state.  
This threshold behavior highlights how nonlinear 
transmission dynamics determine epidemic 
outcomes (Yao, 2026). 
 
9.2. Fluid Dynamics and Hydrodynamic Stability 
In fluid mechanics, the stability of flows governed 
by the Navier-Stokes equations is a central 
concern. The Reynolds number (Re), a 
dimensionless ratio of inertial to viscous forces, 
acts as a primary bifurcation parameter. At low Re, 
flows are typically laminar and stable. As Re 
increases, small disturbances can grow, leading to 
secondary instabilities, pattern formation (e.g., 
Rayleigh-Bénard convection), and eventually the 
transition to turbulence (Kloeden, 2006). 
Modern "nonmodal" stability analysis in fluids 
looks at the maximum possible energy growth of 
disturbances over short time intervals, 
acknowledging that even if a flow is linearly stable, 
it may be nonlinearly unstable if a large enough 
perturbation pushes it out of its basin of 
attraction. This is particularly relevant in high-
speed aerodynamics and weather prediction, 
where understanding these transitions is critical 
for safety and accuracy (Klett & Coogan, 2022). 
 
10. Computational Tools and Solvers 
The shift from analytical derivation to 
computational verification has been facilitated by 
the development of sophisticated software tools. 
These tools are particularly adept at handling high-
dimensional systems and non-polynomial 
nonlinearities through various approximation and 
optimization schemes (Barbashin & Krasovskii, 
1952). 
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10.1. Sum of Squares (SOS) and LMIs 
For polynomial systems, the search for a Lyapunov 
function can be automated using Sum of Squares 
(SOS) optimization. By casting the Lyapunov 
inequalities as a semi-definite program (SDP), 
software like SOSTOOLS can find the coefficients 
of a polynomial V(x)  that prove stability. This 
method leverages the fact that any sum of squares 
of polynomials is inherently non-negative, 
providing a structured search space for stability 
certificates (Wiggins, 2003). 
 

10.2. Specialized Solvers 
The underlying SDPs are solved using high-
performance numerical packages. SeDuMi and 
SDPT3 are two prominent solvers in the 
MATLAB environment, often interfaced through 
the YALMIP modeling toolbox. Comparisons 
show that while SeDuMi is effective for large-scale 
problems with sparsity, SDPT3 often performs 
better in high-precision calculations. These solvers 
employ interior-point methods and path-following 
algorithms to navigate the convex cones of the 
optimization problem (Dumas, 2014). 

 
Table 6: Computational Tools and Software for Nonlinear Stability Analysis 

Software/Tool Mathematical Basis Primary Application 
SOSTOOLS SOS Programming Automatic Lyapunov function construction for polynomial 

systems  
YALMIP LMI/SDP Modeling Unified interface for optimization in control theory  
SeDuMi Interior Point Solving large-scale SDPs with complex valued data 
SDPT3 Path-following High-precision conic programming for stability certificates 
Hessian 
Method 

Second-order 
Analysis 

Identifying critical points and precise stability boundaries  

 
11. Contemporary Frontiers: Machine Learning 
and Non-Smooth Dynamics 
As we look toward 2025 and beyond, the field of 
stability analysis is being transformed by the 
integration of data-driven methods and the 
expansion into increasingly complex system types. 
These advances aim to handle systems that are 
either too large for traditional methods or possess 
"hard" nonlinearities like discontinuities and 
impulses (Wiggins, 2003). 
 
11.1. Neural Lyapunov Certificates 
A significant current research trend is the use of 
neural networks to "learn" both control policies 
and their associated Lyapunov functions. Unlike 
quadratic or SOS polynomials, neural networks 
can approximate a much wider range of functions, 
allowing them to capture the complex shapes of 
true regions of attraction (RoA). By incorporating 
Lyapunov conditions into the training loss 
function (e.g., a "multi-step Lyapunov loss"), 
researchers can jointly synthesize controllers and 
safety certificates. These certificates can be 

formally verified using SMT (Satisfiability Modulo 
Theories) solvers to provide mathematically 
rigorous guarantees of safety for systems like 
autonomous multicopters or robotic surgeons 
(Mironchenko, 2023). 
 
11.2. Non-Smooth and Nonsmooth Systems 
Real-world systems frequently exhibit non-smooth 
behaviors such as friction, impacts, or threshold 
effects in economics. Traditional calculus-based 
methods fail when functions are not 
differentiable. Recent breakthroughs utilize 
\lambda -Hölder subdifferentials and nonsmooth 
analysis to derive stability conditions for 
intertemporal choice problems and capital 
accumulation models in macroeconomics. 
Similarly, "impulsive" differential equations, 
which model systems with sudden jumps in state, 
are being analyzed for input-to-state stability, 
providing a framework for everything from 
networked communication to biological "bursting" 
neurons (Jiang et al., 1994). 
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11.3. High-Dimensionality and Fractional 
Calculus 
The analysis of high-dimensional "large-scale" 
systems remains a computational bottleneck. 
Emerging techniques focus on reduced-order 
modeling, where high-fidelity simulations are 
mapped to low-dimensional "center manifolds" 
using neural network encoders. This allows for 
interpretable bifurcation analysis of experimental 
data without needing the full system model. 
Furthermore, research in fractional and q-
fractional calculus is opening new pathways for 
studying systems with "memory" or non-local 
effects, which are increasingly found in advanced 
materials and quantum control (Khalil, 2002). 
 
12. Conclusion 
The stability analysis of nonlinear dynamical 
systems remains a cornerstone of modern 
mathematical and engineering disciplines. From 
the foundational contributions of Lyapunov and 
Poincaré to the development of robust frameworks 
like Input-to-State Stability, the field has 
transitioned from seeking exact solutions to 
understanding the qualitative and topological 
nature of system trajectories. While direct 
methods provide powerful energy-based tools for 
stability verification, the challenge of constructing 
universal Lyapunov functions persists, often 
requiring specialized computational solvers or 
heuristic approaches.  As systems grow in 
complexity and dimensionality, the integration of 
machine learning and formal verification offers a 
promising path forward. Neural Lyapunov 
certificates and data-driven modeling are bridging 
the gap between theoretical guarantees and 
practical implementation in autonomous and 
non-smooth systems. Ultimately, the continued 
refinement of these analytical and computational 
techniques is essential for ensuring the resilience 
and predictability of the complex, interconnected 
systems that define contemporary science and 
technology.  
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